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The fascinating world of algebraic geometry intersects
powerfully with differential geometry, particularly when
studying varieties and their Gauss maps. This article delves
into the intricacies of *differential geometry of varieties with
degenerate Gauss maps*, focusing on the significant
contributions found within the context of the prestigious CMS
(Canadian Mathematical Society) Books in Mathematics
series. We will explore the key concepts, challenges, and
research directions within this specialized field, highlighting
the rich mathematical landscape it occupies. Our exploration
will touch upon several key areas, including *Gauss map
singularities*, *Plucker formulas*, and *applications in
theoretical physics*.

Introduction: Understanding the
Gauss Map and its Degeneracies

The Gauss map is a fundamental tool in differential geometry,
assigning to each point on a smooth submanifold a normal
vector (or a hyperplane in projective space). For a variety
embedded in projective space, the Gauss map associates
each point with its tangent space, viewed as a point in the
Grassmannian. However, the Gauss map might not be regular
everywhere; it can exhibit singularities, leading to what we
call *degenerate Gauss maps*. These degeneracies hold
crucial information about the intrinsic geometry of the variety.
The study of varieties with degenerate Gauss maps thus offers
a potent window into understanding the subtle interplay
between algebraic and differential geometric structures. This
area has been significantly enriched by research documented
and disseminated through the influential CMS Books in
Mathematics series.
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Degenerate Gauss Maps and their
Singularities: A Closer Look

The singularities of the Gauss map are key to understanding
the underlying geometry. These singularities arise when the
Jacobian of the Gauss map has a rank deficiency.
Understanding the nature and structure of these
singularities—their type, dimension, and distribution on the
variety—is a central problem. The CMS Books in Mathematics
series often features research articles and monographs that
systematically address these singularities, employing
advanced techniques from algebraic geometry and singularity
theory. Key concepts like *Whitney umbrellas*, *cuspidal
edges*, and other higher-order singularities are frequently
analyzed within this framework. The local behavior of the
Gauss map near these singularities provides valuable
information about the local geometry of the variety itself.

Plucker Formulas and Global
Invariants: Unveiling Geometric
Properties

Placker formulas provide powerful tools for studying the
global properties of the Gauss map. These formulas relate
global invariants of the variety, such as its degree and genus,
to the degree and class of its Gauss map. When the Gauss
map is degenerate, the classical Plicker formulas require
modifications to account for the contributions from
singularities. CMS Books often present generalizations of
these formulas to handle the complexities of degenerate
maps, leading to new insights into the intrinsic geometry of
the varieties under consideration. The derivation and
application of these extended Plucker formulas represent
significant advancements within this field.

Applications in Theoretical Physics:
Beyond Pure Mathematics

The study of varieties with degenerate Gauss maps extends
beyond purely mathematical considerations; it finds valuable
applications in theoretical physics. For instance, in string
theory, certain geometric objects with degenerate Gauss
maps play crucial roles in describing the moduli spaces of
various physical systems. The rich mathematical structure
provided by these degenerate maps allows for a deeper
understanding of the underlying physics. CMS Books in
Mathematics often reflect this interdisciplinary connection,
showcasing research that bridges the gap between pure
mathematics and theoretical physics.

Methods and Techniques: A
Multifaceted Approach

Research in this area draws upon a broad range of
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algebraic geometry, such as the use of sheaf theory and
intersection theory, as well as tools from differential
geometry, like the theory of jets and contact geometry. The
use of computational algebraic geometry is also becoming
increasingly important, enabling researchers to analyze
specific examples and test conjectures in a computationally
effective way. The depth and breadth of methodologies
presented in the CMS Books in Mathematics series provide a
crucial resource for researchers working on this complex
subject.

Conclusion: Future Directions and
Open Questions

The study of varieties with degenerate Gauss maps remains a
vibrant and active area of research. While significant progress
has been made in understanding the basic properties of these
maps and their singularities, many challenging questions
remain open. These include further exploration of the
relationship between the singularities of the Gauss map and
the global invariants of the variety, extending Plucker-type
formulas to even more general settings, and deepening the
connection to theoretical physics. The CMS Books in
Mathematics series serves as an invaluable platform for
disseminating the latest research and fostering further
exploration of these fascinating mathematical structures.

FAQ

Q1l: What makes a Gauss map degenerate?

Al: A Gauss map is degenerate when its Jacobian matrix has a
rank deficiency at some point on the variety. This implies that
the map is not a local diffeomorphism at that point, indicating
a singularity in the map itself. This singularity reflects a lack
of regularity in the way the tangent spaces vary across the
variety.

Q2: How do degenerate Gauss maps differ from non-
degenerate ones?

A2: Non-degenerate Gauss maps are locally diffeomorphisms,
meaning they preserve local properties smoothly. Degenerate
Gauss maps, however, have singular points where this smooth
mapping property fails. These singularities carry significant
geometric information about the underlying variety, offering a
more complex and nuanced picture of its structure.

Q3: What are some examples of varieties with
degenerate Gauss maps?

A3: Many classical examples exist. For instance, consider the
Whitney umbrella (defined by z2 = x2y). The Gauss map of this
surface has a singularity at the origin. More generally, many
surfaces with singularities will have degenerate Gauss maps.

Q4: What role do Plicker formulas play in the study of
degenerate Gauss maps?
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A4: Plucker formulas relate global invariants of a variety to its
Gauss map. However, when the Gauss map is degenerate, the
classical formulas need to be modified to account for the
contributions from singularities. Finding and understanding
these modified formulas is a central aspect of the research.

Q5: What are the implications of studying degenerate
Gauss maps in theoretical physics?

A5: Degenerate Gauss maps appear in the study of moduli
spaces in string theory and other areas. The singularities of
these maps can reflect physical phenomena, providing
valuable insights into the underlying physics.

Q6: What are the key mathematical tools used in
analyzing degenerate Gauss maps?

A6: The analysis employs tools from algebraic geometry
(sheaf theory, intersection theory), differential geometry (jet
spaces, contact geometry), and singularity theory.
Computational methods are also becoming increasingly
important.

Q7: Where can | find more information on this topic?

A7: The CMS Books in Mathematics series provides an
excellent resource. Searching for relevant titles within the
series, using keywords like "Gauss map," "singularities," and
"algebraic geometry," will yield numerous valuable
publications. Also, searching academic databases such as
JSTOR, MathSciNet, and arXiv will provide access to numerous
research articles.

Q8: What are some open problems in this field?

A8: Open problems include finding more general Plucker-type
formulas for highly degenerate Gauss maps, classifying
singularities of Gauss maps for specific classes of varieties,
and further exploring the connections with theoretical physics,
especially in the context of moduli spaces and mirror
symmetry.

Delving into the Intriguing World of
Varieties with Degenerate Gauss
Maps

Differential geometry, with its beautiful interplay of calculus
and geometry, provides a powerful framework for
understanding the fundamental properties of manifolds. One
particularly fruitful area of research within differential
geometry focuses on the study of varieties and their Gauss
maps. The Gauss map, intuitively speaking, associates each
point on a surface with a normal vector, effectively providing
a mapping of the surface onto the space of its normal
directions. However, when this mapping is degenerate - that
is, when the rank of the Jacobian of the Gauss map is less
than expected - the topological properties of the variety
become significantly more intricate. This article explores the
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fascinating landscape of differential geometry of varieties with
degenerate Gauss maps, drawing upon insights from the
relevant CMS Books in Mathematics series.

The study of degenerate Gauss maps is inherently linked to
the concept of singularity theory. When the Gauss map is
degenerate at a point, it signifies a structural peculiarity at
that location. This anomaly can manifest in various forms,
such as self-intersections or other types of singularities.
Understanding these singularities is crucial for unraveling the
underlying architecture of the variety and characterizing its
global properties.

One of the key tools in analyzing varieties with degenerate
Gauss maps is the utilization of Plucker formulas. These
formulas relate the magnitude of the Gauss map to the
invariants of the variety, such as its genus and the number of
its singular points. These formulas provide powerful
constraints on the possible configurations of singularities, and
their application often demands refined algebraic techniques.

Another essential aspect is the consideration of the nature of
degeneracy. Degeneracy can be pointwise, affecting only
isolated points on the variety, or it can be widespread,
affecting the entire variety. Different types of degeneracy
lead to distinctly different analytic behaviors. For instance, a
surface in three-dimensional space might exhibit a
degenerate Gauss map along a curve, indicating a remarkable
geometric property along that curve.

The CMS Books in Mathematics series offers a invaluable
resource for researchers in this area. Books dedicated to
algebraic geometry, differential geometry, and singularity
theory provide the necessary framework for understanding
the mathematical underpinnings of the subject. Furthermore,
many texts within the series delve into specific examples and
applications, showcasing the diverse range of problems that
can be addressed using this framework.

Consider, for example, the study of algebraic surfaces with
degenerate Gauss maps. These surfaces, often defined by
polynomial equations, present a particularly interesting
testing ground for the application of these theoretical tools.
By analyzing the singularities of the Gauss map, one can
glean information about the inherent geometry of the surface,
such as its self-intersection points and the nature of its
singularities. This information can be used to categorize these
surfaces based on their geometric properties.

Furthermore, the study of degenerate Gauss maps has
significant implications for applications in image processing.
Understanding the singularities of surfaces is crucial for
accurately representing and manipulating 3D models. The
nuances of degenerate Gauss maps often need to be
addressed when developing robust algorithms for surface
reconstruction and analysis.

In conclusion, the differential geometry of varieties with
degenerate Gauss maps represents a rewarding area of
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research that connects diverse branches of mathematics,
including algebraic geometry, differential geometry, and
singularity theory. The CMS Books in Mathematics series
provides a compendium of tools and resources for navigating
this complex landscape. Further research in this area
promises to uncover deeper insights into the structure and
properties of varieties, with substantial implications for both
theoretical mathematics and its applied applications.

Frequently Asked Questions (FAQ):
1. Q: What makes a Gauss map "degenerate"?

A: A Gauss map is degenerate when its Jacobian matrix has a
rank less than the expected value. This indicates a loss of
regularity or a type of singularity in the surface's normal
vector field.

2. Q: What are some examples of varieties with
degenerate Gauss maps?

A: Examples include surfaces with cusps, self-intersections, or
other types of singularities. Many algebraic surfaces defined
by polynomial equations exhibit this property.

3. Q: What are the practical applications of studying
degenerate Gauss maps?

A: Applications include computer graphics (realistic surface
rendering), computer vision (shape recognition and analysis),
and robotics (motion planning and manipulation).

4. Q: What are some key mathematical tools used in
analyzing varieties with degenerate Gauss maps?

A: Pllicker formulas, singularity theory, and techniques from
algebraic geometry are crucial tools.

5. Q: Where can | find more information on this topic?

A: The CMS Books in Mathematics series, as well as research
papers in differential geometry and algebraic geometry,
provide extensive information. Searching for keywords like
"degenerate Gauss map," "singularity theory," and "PllUcker
formulas" in academic databases will yield relevant results.
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